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Lemmas {#Sec2}
======

In order to prove our main result we need two lemmas, which we present in this section.

Lemma 2.1 {#FPar1}
---------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in (0, 1)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in (0, \sqrt{2}/2)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda=(2+\sqrt{2})[1-2\mathcal{E}(\sqrt{2}/2)/\pi]=0.478\ldots$\end{document}$ *and* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ f(t)=\frac{\pi p}{2}\sqrt{1-t^{2}}+\frac{\pi}{2}(1-p)- \mathcal{E}(t). $$\end{document}$$ *Then* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(t)<0$\end{document}$ *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in (0, \sqrt{2}/2)$\end{document}$ *if and only if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\geq 1/2$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(t)>0$\end{document}$ *for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in (0, \sqrt{2}/2)$\end{document}$ *if and only if* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\leq \lambda$\end{document}$.

Proof {#FPar2}
-----
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We divide the proof into three cases.
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                \begin{document}$$ f^{\prime}_{1} \biggl(\frac{\sqrt{2}}{2} \biggr)\geq 0. $$\end{document}$$

It follows from ([2.8](#Equ10){ref-type=""}) and ([2.16](#Equ18){ref-type=""}) together with the piecewise monotonicity of $\documentclass[12pt]{minimal}
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                \begin{document}$t\in (0, \sqrt{2}/2)$\end{document}$ follows easily from ([2.2](#Equ4){ref-type=""}), ([2.4](#Equ6){ref-type=""}), ([2.5](#Equ7){ref-type=""}), and ([2.17](#Equ19){ref-type=""}).

*Subcase 2.2* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda^{\ast}< p\leq\lambda^{\ast\ast}$\end{document}$. Then ([2.6](#Equ8){ref-type=""}) and ([2.9](#Equ11){ref-type=""}) lead to $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& f^{\prime}_{1} \biggl(\frac{\sqrt{2}}{2} \biggr)< 0. \end{aligned}$$ \end{document}$$

It follows from ([2.8](#Equ10){ref-type=""}) and ([2.19](#Equ21){ref-type=""}) together with the piecewise monotonicity of $\documentclass[12pt]{minimal}
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                \begin{document}$(0, t_{1}]$\end{document}$ and strictly decreasing on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[t_{1}, \sqrt{2}/2)$\end{document}$.

Equation ([2.5](#Equ7){ref-type=""}) and inequality ([2.18](#Equ20){ref-type=""}) together with the piecewise monotonicity of $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f_{1}(t)$\end{document}$ lead to the conclusion that $$\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \begin{document}$t\in (0, \sqrt{2}/2)$\end{document}$.
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$t\in (0, \sqrt{2}/2)$\end{document}$ follows easily from ([2.2](#Equ4){ref-type=""}) and ([2.4](#Equ6){ref-type=""}) together with ([2.20](#Equ22){ref-type=""}).

*Subcase 2.3* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \begin{document}$\lambda^{\ast\ast}< p\leq \lambda$\end{document}$. Then ([2.3](#Equ5){ref-type=""}), ([2.6](#Equ8){ref-type=""}), and ([2.9](#Equ11){ref-type=""}) lead to $$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& f_{1} \biggl(\frac{\sqrt{2}}{2} \biggr)< 0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& f_{1}^{\prime} \biggl(\frac{\sqrt{2}}{2} \biggr)< 2\mathcal{E} \biggl(\frac{\sqrt{2}}{2} \biggr)-\mathcal{K} \biggl(\frac{\sqrt{2}}{2} \biggr) - \frac{\sqrt{2}\pi}{2}\lambda^{\ast\ast} \\& \phantom{f_{1}^{\prime} \biggl(\frac{\sqrt{2}}{2} \biggr)} < 2\mathcal{E} \biggl(\frac{\sqrt{2}}{2} \biggr)-\mathcal{K} \biggl( \frac{\sqrt{2}}{2} \biggr) -\frac{\sqrt{2}\pi}{2}\lambda^{\ast}=0. \end{aligned}$$ \end{document}$$

It follows from ([2.8](#Equ10){ref-type=""}) and ([2.23](#Equ25){ref-type=""}) together with the piecewise monotonicity of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \usepackage{wasysym} 
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                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$[t_{2}, \sqrt{2}/2)$\end{document}$.

From ([2.4](#Equ6){ref-type=""}), ([2.5](#Equ7){ref-type=""}), and ([2.22](#Equ24){ref-type=""}) together with the piecewise monotonicity of $\documentclass[12pt]{minimal}
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \usepackage{amsbsy}
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                \begin{document}$[t_{3}, \sqrt{2}/2)$\end{document}$.

Therefore, $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$t\in (0, \sqrt{2}/2)$\end{document}$ follows easily from ([2.2](#Equ4){ref-type=""}) and ([2.21](#Equ23){ref-type=""}) together with the piecewise monotonicity of $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \setlength{\oddsidemargin}{-69pt}
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*Case 3* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
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                \usepackage{amssymb} 
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                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\lambda< p<1/2$\end{document}$. Then ([2.3](#Equ5){ref-type=""}), ([2.6](#Equ8){ref-type=""}), ([2.9](#Equ11){ref-type=""}), ([2.11](#Equ13){ref-type=""}), and ([2.12](#Equ14){ref-type=""}) lead to $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& f_{1} \biggl(\frac{\sqrt{2}}{2} \biggr)< \frac{\sqrt{2}}{2} \biggl[ \mathcal{K} \biggl(\frac{\sqrt{2}}{2} \biggr)-\mathcal{E} \biggl( \frac{\sqrt{2}}{2} \biggr) \biggr] -\frac{\pi \lambda^{\ast\ast}}{4}=0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& f^{\prime}_{1} \biggl(\frac{\sqrt{2}}{2} \biggr)< 2\mathcal{E} \biggl(\frac{\sqrt{2}}{2} \biggr)-\mathcal{K} \biggl(\frac{\sqrt{2}}{2} \biggr)- \frac{\sqrt{2}\pi \lambda^{\ast}}{2}=0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned}& f^{\prime\prime}_{1} \biggl(\frac{\sqrt{2}}{2} \biggr) < \sqrt{2} \biggl[4\mathcal{E} \biggl(\frac{\sqrt{2}}{2} \biggr)-3\mathcal{K} \biggl( \frac{\sqrt{2}}{2} \biggr) \biggr] -\pi \lambda^{\ast} \\& \phantom{f^{\prime\prime}_{1} \biggl(\frac{\sqrt{2}}{2} \biggr)} =-2\sqrt{2} \biggl[\mathcal{K} \biggl(\frac{\sqrt{2}}{2} \biggr)-\mathcal{E} \biggl(\frac{\sqrt{2}}{2} \biggr) \biggr]< 0. \end{aligned}$$ \end{document}$$

It follows from ([2.27](#Equ29){ref-type=""}) and ([2.28](#Equ30){ref-type=""}) together with the monotonicity of $\documentclass[12pt]{minimal}
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                \begin{document}$[t_{4}, \sqrt{2}/2)$\end{document}$.

Equation ([2.8](#Equ10){ref-type=""}) and inequality ([2.26](#Equ28){ref-type=""}) together with the piecewise monotonicity of $\documentclass[12pt]{minimal}
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From ([2.4](#Equ6){ref-type=""}), ([2.5](#Equ7){ref-type=""}), ([2.25](#Equ27){ref-type=""}), and the piecewise monotonicity of $\documentclass[12pt]{minimal}
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                \begin{document}$t\in (t_{7}, \sqrt{2}/2)$\end{document}$ follows from ([2.2](#Equ4){ref-type=""}) and ([2.24](#Equ26){ref-type=""}) together with the piecewise monotonicity of $\documentclass[12pt]{minimal}
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Lemma 2.2 {#FPar3}
---------
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
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                \begin{document}$$ \lambda(r)=\frac{1-c^{r}_{0}}{1-c^{r}_{1}} \quad (r\neq 0),\qquad \lambda_{0}= \frac{\log c_{0}}{\log c_{1}} , $$\end{document}$$ *and* $$\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \begin{document}$$ U(r; a,b)= \bigl[\lambda(r)a^{r}+ \bigl(1-\lambda(r) \bigr)b^{r} \bigr]^{1/r} \quad (r\neq 0),\qquad U(0; a,b)=a^{\lambda_{0}}b^{1-\lambda_{0}}, $$\end{document}$$ *respectively*. *Then the function* $\documentclass[12pt]{minimal}
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                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\mapsto U(r; a,b)$\end{document}$ *is strictly decreasing on* $\documentclass[12pt]{minimal}
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                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(-\infty, \infty)$\end{document}$.

Proof {#FPar4}
-----

Let $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\neq 0$\end{document}$, and $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ V(r, x)= \bigl(1-\lambda(r) \bigr)\log x- \bigl(\log \lambda(r) \bigr)^{\prime}. $$\end{document}$$ Then from ([2.29](#Equ31){ref-type=""})-([2.31](#Equ33){ref-type=""}) one has $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \log U(r; a,b)=\log a+\frac{1}{r}\log \bigl(\lambda(r)+ \bigl(1- \lambda(r) \bigr)x^{r} \bigr), \\& \frac{\partial\log U(r; a,b)}{\partial r}=\frac{\lambda^{\prime}(r)(1-x^{r})+(1-\lambda(r))x^{r}\log x}{r (\lambda(r)+(1-\lambda(r))x^{r} )}-\frac{\log (\lambda(r)+(1-\lambda(r))x^{r} )}{r^{2}}, \\& \frac{\partial\log U(r; a,b)}{\partial r}\bigg|_{x=1}=0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \lambda^{\prime}(r)=\frac{ (c^{r}_{1}-1 )c^{r}_{0}\log c_{0}- (c^{r}_{0}-1 )c^{r}_{1}\log c_{1}}{ (c^{r}_{1}-1 )^{2}}, \\& \bigl(\lambda(r)+ \bigl(1-\lambda(r) \bigr)x^{r} \bigr)|_{x=\sqrt{2}}= \frac{1-c^{r}_{0}}{1-c^{r}_{1}} + \biggl(1-\frac{1-c^{r}_{0}}{1-c^{r}_{1}} \biggr)\frac{1}{c^{r}_{1}}= \frac{c^{r}_{0}}{c^{r}_{1}}, \\& \frac{\lambda^{\prime}(r)(1-x^{r})+(1-\lambda(r))x^{r}\log x}{r (\lambda(r)+(1-\lambda(r))x^{r} )}\bigg|_{x=\sqrt{2}}=\frac{1}{r}\log\frac{c_{0}}{c_{1}}, \\& \frac{\partial\log U(r; a, b)}{\partial r}\bigg|_{x=\sqrt{2}}=0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \frac{\partial^{2}\log U(r; a, b)}{\partial x\,\partial r}=\frac{\lambda(r)x^{r-1}}{ (\lambda(r)+(1-\lambda(r))x^{r} )^{2}}V(r, x), \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& V(r, 1)=\frac{\log\frac{1}{c_{1}}}{ (\frac{1}{c_{1}} )^{r}-1}-\frac{\log\frac{1}{c_{0}}}{ (\frac{1}{c_{0}} )^{r}-1}< 0, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& V(r, \sqrt{2})=c^{r}_{0} \biggl(\frac{\log c_{1}}{c^{r}_{1}-1}- \frac{\log c_{0}}{c^{r}_{0}-1} \biggr)>0, \end{aligned}$$ \end{document}$$ where inequalities ([2.35](#Equ37){ref-type=""}) and ([2.36](#Equ38){ref-type=""}) hold due to $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{0}>c_{1}$\end{document}$ and the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\mapsto \log t/(t^{r}-1)$\end{document}$ is strictly decreasing on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(0, \infty)$\end{document}$.

Note that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda(r)\in (0, 1)$\end{document}$ and the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\rightarrow V(r, x)$\end{document}$ is strictly increasing on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(1, \sqrt{2})$\end{document}$. Then ([2.34](#Equ36){ref-type=""})-([2.36](#Equ38){ref-type=""}) lead to the conclusion that there exists $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x_{0}\in (1, \sqrt{2})$\end{document}$ such that the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\mapsto \partial \log U(r; a, b)/\partial r$\end{document}$ is strictly decreasing on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(1, x_{0})$\end{document}$ and strictly increasing on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(x_{0}, \sqrt{2})$\end{document}$.

It follows from ([2.32](#Equ34){ref-type=""}) and ([2.33](#Equ35){ref-type=""}) together with the piecewise monotonicity of the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$x\mapsto \partial \log U(r; a, b)/\partial r$\end{document}$ on the interval $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$(1, \sqrt{2})$\end{document}$ that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\partial\log U(r; a, b)}{\partial r}< 0 $$\end{document}$$ for all $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a, b>0$\end{document}$ with $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$1< b/a<\sqrt{2}$\end{document}$.

Therefore, Lemma [2.2](#FPar3){ref-type="sec"} follows from ([2.37](#Equ39){ref-type=""}). □

Main result {#Sec3}
===========

Theorem 3.1 {#FPar5}
-----------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{0}=2\mathcal{E}(\sqrt{2}/2)/\pi=0.859\ldots$\end{document}$ , $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$c_{1}=\sqrt{2}/2$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda(r)$\end{document}$ *be defined by* ([2.29](#Equ31){ref-type=""}). *Then the double inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned} \bigl[\alpha(r)A^{r}(a,b)+ \bigl(1-\alpha(r) \bigr)Q^{r}(a,b) \bigr]^{1/r}&< TD \bigl[A(a,b), Q(a,b) \bigr] \\ &< \bigl[\beta(r)A^{r}(a,b)+ \bigl(1-\beta(r) \bigr)Q^{r}(a,b) \bigr]^{1/r} \end{aligned}$$ \end{document}$$ *holds for all* $\documentclass[12pt]{minimal}
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                \usepackage{upgreek}
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                \usepackage{upgreek}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a\neq b$\end{document}$ *if and only if* $\documentclass[12pt]{minimal}
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                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\alpha(r)\geq 1/2$\end{document}$ *and* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
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                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta(r)\leq \lambda(r)$\end{document}$, *where* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r=0$\end{document}$ *is the limit value of* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\rightarrow 0$\end{document}$.

Proof {#FPar6}
-----

We first prove that Theorem [3.1](#FPar5){ref-type="sec"} holds for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r=1$\end{document}$.

Since $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$A(a,b)< TD[A(a,b), Q(a,b)]< Q(a,b)$\end{document}$ for all $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
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                \usepackage{upgreek}
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$A(a,b)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$TD(a,b)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$Q(a,b)$\end{document}$ are symmetric and homogeneous of degree 1, without loss of generality, we assume that $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
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                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
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                \begin{document}$\alpha(1)$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\beta(1)\in (0, 1)$\end{document}$ and $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a>b$\end{document}$. Let $\documentclass[12pt]{minimal}
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                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t=(a-b)/\sqrt{2(a^{2}+b^{2})}\in (0, \sqrt{2}/2)$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$p\in (0, 1)$\end{document}$. Then ([1.1](#Equ1){ref-type=""}) and ([1.2](#Equ2){ref-type=""}) lead to $$\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& A(a,b)=Q(a,b)\sqrt{1-t^{2}}, \qquad TD \bigl[A(a,b), Q(a,b) \bigr]= \frac{2}{\pi}Q(a,b)\mathcal{E}(t), \\ & \\ & pA(a,b)+(1-p)Q(a,b)-TD \bigl[A(a,b), Q(a,b) \bigr]=\frac{2}{\pi}Q(a,b)f(t), \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$f(t)$\end{document}$ is defined as in Lemma [2.1](#FPar1){ref-type="sec"}.

Therefore, Theorem [3.1](#FPar5){ref-type="sec"} for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r=1$\end{document}$ follows easily from Lemma [2.1](#FPar1){ref-type="sec"} and ([3.1](#Equ40){ref-type=""}).

Next, let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r<1$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a, b>0$\end{document}$ with $\documentclass[12pt]{minimal}
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                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$a\neq b$\end{document}$, then it follows from Theorem [3.1](#FPar5){ref-type="sec"} for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r=1$\end{document}$ that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{A(a,b)+Q(a,b)}{2}< TD \bigl[A(a,b), Q(a,b) \bigr]< \lambda(1)A(a,b)+ \bigl(1- \lambda(1) \bigr)Q(a,b). $$\end{document}$$

Note that $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& 1< \frac{Q(a,b)}{A(a,b)}< \sqrt{2}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \frac{TD[A(a,b), Q(a,b)]}{ [\frac{A^{r}(a,b)+Q^{r}(a,b)}{2} ]^{1/r}}=\frac{2^{1+1/r}}{\pi}\frac{\mathcal{E}(t)}{ [1+(1-t^{2})^{r/2} ]^{1/r}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \frac{TD[A(a,b), Q(a,b)]}{ [\lambda(r)A^{r}(a,b)+(1-\lambda(r))Q^{r}(a,b) ]^{1/r}} =\frac{2}{\pi}\frac{\mathcal{E}(t)}{ [\lambda(r)(1-t^{2})^{r/2}+1-\lambda(r) ]^{1/r}}, \end{aligned}$$ \end{document}$$ $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document} $$\begin{aligned}& \lim_{t\rightarrow 0^{+}}\frac{2^{1+1/r}}{\pi}\frac{\mathcal{E}(t)}{ [1+(1-t^{2})^{r/2} ]^{1/r}} =\lim _{t\rightarrow \sqrt{2}/2}\frac{2}{\pi}\frac{\mathcal{E}(t)}{ [\lambda(r)(1-t^{2})^{r/2}+1-\lambda(r) ]^{1/r}}=1. \end{aligned}$$ \end{document}$$

Therefore, Theorem [3.1](#FPar5){ref-type="sec"} for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r<1$\end{document}$ follows from ([3.2](#Equ41){ref-type=""})-([3.6](#Equ45){ref-type=""}) and Lemma [2.2](#FPar3){ref-type="sec"} together with the monotonicity of the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r\mapsto [(a^{r}+b^{r})/2]^{1/r}$\end{document}$. □

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$r=1$\end{document}$. Then Theorems [3.1](#FPar5){ref-type="sec"} leads to Corollary [3.2](#FPar7){ref-type="sec"} immediately.

Corollary 3.2 {#FPar7}
-------------

*Let* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$\lambda=(2+\sqrt{2})[1-2\mathcal{E}(\sqrt{2}/2)/\pi]$\end{document}$. *Then the double inequality* $$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \frac{\pi}{4}\sqrt{1-t^{2}}+\frac{\pi}{4}< \mathcal{E}(t)< \frac{\pi}{2}\lambda\sqrt{1-t^{2}}+\frac{\pi}{2}(1-\lambda) $$\end{document}$$ *holds for all* $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$t\in (0, \sqrt{2}/2)$\end{document}$.
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